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Abstract
We study stretched horizons of the type AdS2×S8 for certain spherically symmetric extremal small
black holes in type IIA carrying only D0-brane charge making use of Sen’s entropy function formalism
for higher derivative gravity. A scaling argument is given to show that the entropy of this class of black
holes for large charge behaves as
√
|q| where q is the electric charge. The leading order result arises
from IIA string loop corrections. We find that for solutions to exist the force on a probe D0-brane
has to vanish and we prove that this feature persists to all higher derivative orders. We comment on
the nature of the extremum of these solutions and on the sub-leading corrections to the entropy. The
entropy of other small black holes related by dualities to our case is also discussed.
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1 Introduction
Recently there has been progress in our understanding of black holes which have zero horizon area in
supergravity [1, 2, 3, 4, 5, 6] but have non-zero statistical entropy from independent state counting
arguments in string theory. These geometries are expected to develop non-zero horizon sizes only after
including derivative corrections. Such geometries are referred to as ‘small black holes’. For these black
holes one uses Wald’s entropy formula [7] in higher derivative gravity theories.
Further, Sen has developed a formalism to calculate Wald’s entropy for spherically symmetric
charged extremal black holes in gravity theories with abelian gauge fields and real scalar fields [5] that
have AdS2 × SD as the near horizon geometry. This formalism allows one to calculate the entropy of
such back holes from their near horizon geometries alone. The simplest extremal small black hole that
has been considered so far is Sen’s black hole [3] in heterotic string compactified on T 5 × S1 which
carries two electric charges. Its microstates come from the degeneracy of states of a fundamental string
with momentum N and winding W around the S1.
In this note we ask if there are spherically symmetric extremal small black holes in string theory
which carry just one electric charge under an abelian gauge field. There are hints from AdS/CFT that
such objects should exist in anti-de Sitter spaces (see [8] for example). Here we will be interested in
objects in flat space. There are several ways one can get abelian gauge fields and moduli fields in string
and M-theory compactifications. The simplest are Kaluza-Klein gauge fields coming from metric and
B-fields. Unfortunately, the relevant bosonic corrections to supergravity actions are not known in all
such cases of interest which makes analyzing this question difficult. However, if the gauge field and the
relevant moduli fields come from the KK-reduction of the metric components alone, then one can obtain
the relevant bosonic corrections just by dimensional reduction of the metric dependent terms in the
higher dimensional theory. Luckily in most cases of interest these metric dependent higher derivative
terms are known to leading order. For example, the 1-form RR gauge field and the dilaton of type IIA
can be obtained by dimensional reduction of the 11-dimensional metric of M-theory. Therefore, as the
simplest example we consider type IIA in 10 dimensions and geometries that are electrically charged
under the RR 1-form field and the dilaton turned on.
We use Sen’s entropy function formalism [5] (see also [9]) to show that the entropy of such geometries,
if non-zero, will be proportional to the square-root of the electric charge for large charges. We further
note that the value of the dilaton and therefore the string coupling in the near horizon geometry is also
large for large charges. Thus, one has to consider the strong-coupling limit, i.e., the M-theory action
and the leading R4 corrections (which are the 1-loop IIA R4 terms). We will use these R4 correction
to type IIA supergravity and exhibit a new AdS2 × S8 (M3 × S8 where M3 is locally AdS3) solution
of type IIA (M-theory) to this order which does not exist without the derivative corrections to the
supergravity action. In the spirit of Sen’s entropy function formalism [5], postulating that there exists
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an extremal black hole solution which interpolates between this geometry and R9,1, we show that the
entropy of such a small black hole is indeed non-zero to this order.
One can ask what the possible string microstates are that could be responsible for this entropy of
the extremal D0-brane charged small black hole. Thinking of type IIA as M-theory compactified on
S1, the momenta of point like gravitons are quantised in units of 1/R where R is the radius of the
compact direction. These gravitons are 1/2-BPS. One can have large degeneracy by considering all
possible multi-particle states all with momenta in the same direction and with fixed total momentum q.
The number of these microstates is given by the number of partitions of |q|. A well known generating
function is
Z(e−β) =
∞∏
k=1
1
1− e−k β =
∞∑
|q|=0
d|q| e
−|q|β (1)
where d|q| is the number of partition of the (non-negative) integer |q|. This degeneracy in the saddle
point approximation evaluates to (see [10] for example)
d|q| ≈
1
4
√
3 |q|e
pi
√
2|q|
3 (2)
for |q| >> 1. One can associate a statistical entropy Sstat = ln d|q| given by
Sstat ≈
(
2π2
3
) 1
2 √
|q|. (3)
to these states for large |q|. We suggest that these multi-particle graviton states are responsible for the
entropy of the extremal D0 small black hole mentioned above. The M-theory momentum mode from
the type IIA point of view is represented by the extremal D0-brane solution given by
ds2st = −H−1/2dt2 +H1/2d~x · d~x
eφ = H3/4,
A = (1−H−1) dt (4)
where ~x is a position vector in R9, H(~x) = 1 + |q|/|~x|7 is a harmonic function over R9 and q is the
electric charge under the RR 1-form gauge field. In this solution the dilaton diverges as
e
2φ
3 ∼
√
|q| |~x|− 72 as |~x| → 0. (5)
The geometry has a curvature singularity at |~x| = 0. Further, as |~x| → 0, gtt → 0 it has a zero
size horizon at r = 0 making it a null singularity. This is usually the starting point of various small
black holes in the literature. On general grounds, one expects that such null-singular solutions develop
finite size horizons appropriate for the entropy predicted by some microstate counting after including
derivative corrections. We suggest that this should happen for the D0-brane solution (4) as well to make
it into an extremal black hole with finite size horizon with entropy in eq.(3). One expects that the near
horizon limit of the corrected geometry would be an AdS2×S8 according to the definition of extremal
black holes in [5] with the dilaton stabilising at a large but finite value. Instead of trying to correct
the full geometry of (4) we simply assume here that it does get corrected with a finite size horizon via
the generalised attractor mechanism [5]. At this point we should mention the conventional wisdom of
not associating a large (charge dependent) entropy [26] to the D0-brane solution itself assuming that
there is a unique bound state of |q| D0-branes (upto the usual degeneracy of 256 of a short multiplet).
As mentioned earlier we will find that the well known R4 corrections to the 11-dimensional super-
gravity [11, 12] dimensionally reduced on S1 to 10 dimensions gives rise to a finite answer to the entropy.
3
At this order, we find three real solutions and only one of them gives rise to positive entropy (which
accounts for 6.85% of that in Eq.(3)) and the other two with negative entropies. One distinguishing
feature is that the so-called Weinhold metric [15] in the scalar moduli space for the positive entropy so-
lution is positive-definite while for the negative solution, the metric has negative eigen-values. Another
curious feature of our solutions is that the probe D0-brane experiences vanishing force in these back-
grounds. This condition works out to be the same as the Riemann tensor being covariantly constant for
the uplifted 11-dimensional metric. We are unable to ascertain whether our solution is supersymmetric
or not as the relevant supersymmetry transformations are not known. We comment on this issue in
the discussion (for recent progress in non-supersymmetric attractor mechanism see [16]).
The rest of this note is organised as follows. In section 2 we review the entropy function formalism
of Sen. In section 3 we give a general argument to show that the entropy of the single-charge extremal
black hole of type IIA under consideration is proportional to
√
|q| where q is the electric charge. In
section 4 we discuss the objects related to the type IIA one by dualities and reach similar conclusions.
In section 5 we specifically consider the 11-dimensional R4 correction and calculate the near horizon
geometry and the entropy of the extremal D0-charged small black hole. We also point out some
interesting features of the near horizon solutions we find. We conclude with a discussion of some
consequences, important issues and open problems in section 6.
2 The entropy function formalism: A review
Using Wald’s entropy formula for higher derivative gravity in its extremal limit, Sen [5] derived an
entropy function F (u, v,q,p, s) for a general class of extremal spherically symmetric black holes having
near horizon geometry AdS2 × SD in D + 2 dimensions. Here u, v stand for the radii of AdS2 and SD
respectively while q,p stand for the electric and magnetic charges. s denotes the near horizon values
for scalar fields in the theory. The extremization of F with respect to u, v and s gives the near horizon
geometry and the black hole entropy.
For concreteness, let us review the entropy function formalism at work for extremal black holes
with near-horizon geometry AdS2 × S2 in heterotic string theory as introduced by Sen [5, 4]. Here
we consider a fundamental string with large momentum and winding wrapping a circle. For simplicity
we compactify the theory on T 5 × S1 so that we have a black hole in 4-dimensions. The supergravity
action for heterotic string compactified on T 5 × S1 is given by
S = 1
32π
∫
d4x
√
−detg S(R+Gµν ∂µS∂νS
S2
−Gµν ∂µT∂νT
T 2
+ T 2GµνGµ
′ν′F
(1)
µµ′F
(1)
νν′ −
1
T 2
GµνGµ
′ν′F
(2)
µµ′F
(2)
νν′
)
+ higher derivatives . (6)
Since extremal black holes are known to have near horizon geometry AdS2 × SD, one looks for a near
horizon solution of the form:
ds2 = u(−r2dt2 + dr
2
r2
) + vdΩ2D (7)
S = sS , T = sT , F
(i)
rt = ei . (8)
The starting point for computing Wald’s entropy in higher derivative gravity for spherically symmetric
black holes is
SBH = 8π
∫
dΩ
δS
δRrtrt
√−grrgtt , (9)
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where the action is expressed in terms of symmetrized covariant derivatives of the fields and Rµνρσ
is treated as an independent variable. The integration is over the angular variables of SD the D-
dimensional spherical horizon. In the near horizon geometry, the covariant derivative of all fields
vanish and it can be shown that
SBH = F (u, v,q,p, s) = 2π(ei
∂f
∂ei
− f) , (10)
where qi = ∂eif are the electric charges, p’s are the magnetic charges and f is given by
f =
∫
dΩ
√
−detgL , (11)
where L is the lagrangian density. The function F is called the entropy function and the physical
entropy is obtained by extremizing it with respect to u, v and s. The Legendre transform in (10) is
only with respect to the electric charges. There are in principle an infinite number of higher derivative
corrections. Sen [4] considers just the Gauss-Bonnet
LR2 =
S
16π
(RµνρσR
µνρσ − 4RµνRµν +R2) . (12)
This gives
f(u, v, sS , sT , e1, e2) =
1
8
sSuv
(
[−2
u
+
2
v
+ 2
s2T e
2
1
u2
+ 2
e22
s2Tu
2
]− 16
uv
)
, (13)
where [ ] include the Einstein-Hilbert and−16/(uv) is the Gauss-Bonnet term. Extremizing F (u, v,q, s)
gives the equations of motion and they admit non-trivial solutions. The positive entropy solution is
given by
(u→ 8, v → 8, sS → 1
2
√
q1q2, sT →
√
q1√
q2
) . (14)
Here q1 and q2 are proportional to the momentum N and the winding number W respectively of the
fundamental string. The value of the entropy at this solution is 4π
√
NW which exactly corresponds
to that given by the counting of the corresponding BPS states in string theory.
A feature of the above solution (and the other solutions which were discarded on physical grounds
like signature of u, v for example) is that the ratio of the Einstein-Hilbert to the Gauss-Bonnet term is
−1. This is because f = EH +R2 = 0 at the solution which follows from the equation of motion for S.
In type II theories a scaling argument shows [4] that the entropy of the corresponding black hole is
again proportional to
√
NW . The counting of string states yields the proportionality constant to be
2
√
2π although there exists no derivation of this using a higher derivative action.
3 Entropy of extremal D0 small black hole
In this section we look at the example of extremal D0 small black hole of type IIA at a general level.
We use Sen’s entropy function formalism reviewed in section 2 to find the general scaling of the entropy
of such a small black hole. Even though we use the 10-dimensional type IIA language the result of this
section can be generalised to any gravity theory in dimension d ≥ 5 Kaluza-Klein reduced on a circle.
For this let us start with the following field configurations in type IIA:
ds2AdS2×S8 = su[−r2 dt2 + dr2/r2] + sv[
4∑
i=0
dµ2i +
4∑
i=1
µ2i dφ
2
i ],
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eφ = s3/2, Ftr = e. (15)
where the metric is taken to be in string frame and µ0 = cosθ1, µ1 = sin θ1 cos θ2 cos θ3, µ2 =
sin θ2 cos θ2 sin θ3, µ3 = sin θ1 sin θ2 cos θ4, µ4 = sin θ1 sin θ2 sin θ4. We can choose the gauge poten-
tial of Ftr = e to be A0 = e r. Now recall the 11-dimensional lift formulae:
ds211 = e
− 2φ
3 g(S)µν dx
µ dxν + e
4φ
3 (dx(10) +Aµ dx
µ)2. (16)
Using this the configurations of eq.(15) lift to the pure geometries:
ds211 = u[−r2 dt2 + dr2/r2] + v dΩ28 + s2(dx(10) + e r dt)2. (17)
Note that the metric in eq.(17) amounts to choosing the frame
gµν = e
−2φ/3g(S)µν = e
−φ/6g(E)µν (18)
in type IIA in which there is no kinetic term for the dilaton.
A general analysis
The first step towards finding the entropy function is to calculate f(u, v, e, s) =
∫
dΩ8 L(u, v, e, s).
We find it easier to calculate L(u, v, s, e) by substituting the metric in eq.(17) into the 11-dimensional
supergravity lagrangian. This procedure is valid only when the loop corrections of 11-dimensional
supergravity are sub-leading. This will happen if the dilaton s stabilises at very large values. We will see
that this is indeed the case. Further we assume that the 11-dimensional lift ansatz of eq.(16) continues
to be valid beyond the supergravity approximation. This of course is a matter of convention for the
field variables. Let us now find the general features of the function f(u, v, s, e) and its implications for
the entropy function.
For this, note that the 11-dimensional supergravity lagrangian density is expected to be invariant
under reparametrizations of the M-theory circle: x10 → λx10. This implies for the class of metrics
in eq.(17) that for the lagrangian density e and s should appear in the combination y = es and the
entropy function f(u, v, e, s) =
∫
dΩ8
√− det gL takes the form
f(u, v, s, e) = |s| g(u, v, se) . (19)
To see this recall that under x10 → x′10 = λx10 the 11-dimensional metric components tranform as
g′10,10 = λ
−2g10,10, g
′
10,m = λ
−1g10m, g
′
mn = gmn (20)
where m,n = 0, 1, · · · , 9. Since g10,10 = e
4φ
3 and g10m = e
4φ
3 Am and gmn = e
− 2φ
3 g
(S)
mn the action of
reparametrizations reads
eφ → λ− 32 eφ =⇒ s→ λ−1s, s˜→ λ− 32 s˜,
Ftr → λFtr =⇒ e→ λe,
e−
2φ
3 g(S)mn → e−
2φ
3 g(S)mn =⇒ {u, v} → {u, v}, {u˜, v˜} → {λ−1u˜, λ−1v˜} (21)
where the tilded variables are appropriate for string frame entropy function (with u˜ = u s, v˜ = v s
and s˜ = s3/2). So the invariant combinations are: {u, v, es} in terms of untilded variables and {
u˜s˜−2/3, v˜s˜−2/3, es˜2/3 } in terms of tilded variables. The last piece is the overall s (or s˜) dependence
multiplying the function g(u, v, es) or g˜(u˜s˜−2/3, v˜s˜−2/3, es˜2/3). From the 11-dimensional point of view
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this follows from the measure
√− det g which is proportional to |s| which in turn is proportional to
s˜2/3. This is again a consequence of reparametrisations as d11x
√− det g would have to be invariant
under x10 → λx10 too.
Now extremising this function with respect to s, u and v give rise to the following three equations:
∂uf = 0 =⇒ ∂ug = 0,
∂vf = 0 =⇒ ∂vg = 0,
∂sf = 0 =⇒ g + y∂yg = 0. (22)
Let us assume that these three equations are independent and admit a nontrivial solution u = u0,
v = v0 and y = y0 which is ‘universal’ (charge independent). Given these values we can evaluate
g|u0,v0,y0 and ∂yg|u0,v0,y0 which are also universal and generically non-zero (at least ∂yg|u0,v0,y0 6= 0
requires g|u0,v0,y0 6= 0 for y0 to be non-trivial as assumed). The electric charge q is defined as q = ∂ef ,
the canonical conjugate to e. This evaluates to:
q = s2 ∂yg for s > 0,
= −s2 ∂yg for s < 0. (23)
For this to make sense we have to have
q > 0 ⇐⇒ ∂yg > 0 or q < 0 ⇐⇒ ∂yg < 0 if s > 0,
q > 0 ⇐⇒ ∂yg < 0 or q < 0 ⇐⇒ ∂yg > 0 if s < 0. (24)
Note that we have |s| =
√
|q|/√|∂yg| (compare this with eq.(5) in the D0-brane solution) and therefore
the value of the dilaton in the near horizon geometry is going to be large for large values of |q| and
hence our approach of using the 11-dimensional action is self-consistent. Finally the entropy is defined
as SBH = 2π(e q − f) which can be rewritten as:
SBH = 2π |s| (y ∂yg − g)
= 4π |s| y ∂yg = 4π
√
|q| y ∂yg√|∂yg| = 4π
√
|q|
[
−g√|∂yg|
]
(25)
For SBH to be positive, we require g < 0 at the solution. The actual entropy is the value of SBH at
its extremum with respect to u, v and y. This can be easily seen, using the extremality conditions in
eq.(22), to be:
SBH =
(
2π2
3
) 1
2
K
√
|q| (26)
where the universal coefficient K is
K = −g
√
24
|∂yg| (27)
This shows that the leading answer to the entropy of the extremal small black hole carrying an electric
charge under the KK-gauge field, if non-zero, is proportional to the square-root of its charge for large
charge.
This entropy can be re-expressed in terms of the area of the horizon (volume of the S8 factor) in
Einstein frame. For this first recall the relation between the String and Einstein frame metrics in type
IIA
g(E)µν = e
−φ/2g(S)µν = s
−3/4g(S)µν (28)
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So the radius square of S8 in Einstein frame is vE = s
−3/4vS = s
−3/4sv = s1/4v. Therefore area of the
horizon in Einstein frame is
AH = VolS8 v
4
E = VolS8 |s| v4 (29)
Using SBH = 4π|s| y ∂yg to eliminate |s| from eq.(29) gives the relation
SBH =
[
4π y ∂yg
VolS8 v
4
]
AH (30)
The factor in the square brackets is again universal and so we see that the entropy of our black hole
is still proportional to the area of the horizon. This shows that in this case the fully corrected leading
answer for the entropy still satisfies the ‘holographic’ principle (i.e, the entropy is proportional to the
area of the horizon divided by the Newton’s constant AH/GN , after restoring the units). However the
sub-leading corrections will, in general, violate this behaviour.
4 In other duality frames
Next we consider the entropies of extremal single-charge small black holes in other theories related to
the one above by dualities. Let us go through a short chain of dualities starting with M-theory on a
circle with momentum N . First compactify the x9-direction and do a 9− 11 flip. We get type IIA on
S1 with total momentum N along the x9-circle. Performing a T-duality along the x9 circle takes us to
type IIB with a total fundamental string winding charge N on a dual circle. An S-duality now takes the
system to D1-branes wrapped over S1 in type IIB. Finally, another T-duality along x9 takes the system
back to D0-branes on the circle. It is known that there are no large extremal black holes carrying the
same charges as the ones in any of the systems in this duality chain related to the D0-brane system.
Assuming that there are going to be extremal small black holes with the same charges, we would like
to ask what their corresponding entropies are in each of these theories in 9 dimensions.
In the following we argue on general grounds that if such black holes exist then their entropies
(as defined by Sen [7, 5]) will have to be again given, in each of the duality frames, by SBH =(
2π2/3
)1/2
KQ
√|Q| with unknown coefficients KQ as before.
Let us first consider type IIA on S1 with either momentum or winding charge. In this case, setting
N or W to zero in section 2, apparently implies that the entropy of this black hole is zero. However,
we notice that the scaling argument leading to the
√
NW dependence in the entropy formula only
involved string tree-level corrections. The 10-dimensional dilaton stabilises at 1/
√
W which blows up
when W = 0 and hence in this case the analysis breaks down and the string loop corrections become
important. The size of the compact circle in the string frame stabilises at
√
N/W and for a sensible
higher derivative expansion we want this to be large. Thus, if N = 0 then the higher derivative
expansion breaks down. In both these cases the scaling argument needs to be modified.
To modify the calculation correctly, start with type IIA and choose the Einstein frame. As before let
us assume that we can obtain the 9-dimensional action from the 10-dimensional one by the Kaluza-Klein
reduction ansatz
ds29 = gµν(x) dx
µ dxν + T 2(x) (dξ +A(1)µ dx
µ)2. (31)
For a momentum black hole we again have only the metric to worry about in 10 dimensions. Then
arguments similar to the ones used in M-theory calculation of section 3 show that the relevant f
function takes the following general form:
f(u, v, uS = s, uT = t, e1) = t g(u, v, s, y = te1) (32)
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where |T (x)| = t. It is clear that a similar calculation to the one in section 3 gives rise to an entropy
SBH(N) =
(
2π2
3
) 1
2
KN
√
|N | (33)
where KN is again an unknown (but universal number). Note that for the momentum case the radius
t of the compact direction in the near horizon geometry stabilises at only very large values. So
f(u, v, s, t, e1) =
∞∑
n=0
t1−n g(n)(u, v, s, e1t) + · · · (34)
is a valid expansion with the expansion parameter being 1/t and the leading term being the usual
t g(0)(u, v, s, e1t). The “· · · ” represent terms of the type e−t g(u, v, s, e1t) etc if they exist (see section
6 for more comments on these terms).
Next suppose we have winding strings with charge W along the same circle. Then in this case one
expects that the circle radius t˜ stabilises at t˜ << 1. Then the natural expansion would have to be
around t˜ << 1 in powers of t˜. That is
f˜(u˜, v˜, s˜, t˜, e2) =
∞∑
n=0
t˜n−1 g˜(n)(u˜, v˜, s˜,
e2
t˜
) + · · · (35)
with the first term contributing to the leading answer of the entropy. It is easy to see that if we
have f˜(u˜, v˜, s˜, e2, t˜) = (1/t˜) g˜
(0)(u˜, v˜, s˜, e2/t˜) then we again get SBH(W ) = (2π
2/3)1/2K˜W
√
|W |. Un-
fortunately this is not the natural expansion one expects in supergravity with e2 coming from the
KK reduction of B9µ. So a priori it is not at all clear whether the entropy function f takes the form
f˜ = (1/t˜) g˜(0)(u˜, v˜, s˜, e2/t˜) + · · · .
However such an expansion is indeed expected for the following reason. When t˜ << 1 then the
winding modes become very important and the usual supergravity breaks down. For this case it is
natural to work with the T-dual variables where t˜ is replaced by 1/t and e1 by e2. That is, the KK
gauge field obtained by dimensional reduction of the B-field is interchanged with that of the T-dual
metric on the dual circle. However we already know that for this case we have an expansion of the
type eq.(34). Hence we can start with eq.(34) and do a T-duality transformation term by term to get
to eq.(35). The existence of (34) in type IIA on S1 (type IIB on S1) implies the existence of (35) in
type IIB on the dual S1 (type IIA on the dual S1).
Hence we conclude that, if we have
√
|N | type entropy for both type IIA and type IIB on a circle
with momentum N , then it follows that the entropy of winding charge extremal small black hole (if non-
zero) is proportional to
√
|W |. The entropy of the winding charge black hole might be understood again
by considering multi-string states with total winding number distributed among several strings. This
is again a problem of partitions of W and so will give the statistical entropy SBH = (2π
2/3)1/2
√
|W |
for |W | >> 1.
Similar arguments exist in the remaining two duality frames (D1-branes on S1 in type IIB and
D0-branes on S1 in type IIA) to show that if the corresponding extremal small black holes have non-
vanishing entropies then they would have to be proportional to square-root of their corresponding
electric charges in 9 dimensions.
5 Entropy of extremal D0 small black hole: Specifics
In this section we return to the D0-charged small black hole that was considered in section 2. Here we
will calculate the entropy function by including the 1-loop R4 corrections of type IIA (equivalently the
leading R4 corrections to M-theory).
9
5.1 The Einstein-Hilbert term
The Ricci scalar of the metrics in eq.(17) evaluates to:
R =
e2s2
2u2
− 2
u
+
56
v
. (36)
Recall Vol(Sn−1) = 2πn/2/Γ(n/2) implies VolS8 = 32π
4/105. The Einstein-Hilbert term integrated on
S8 then becomes
f(u, v, s, e) = VolS8 u v
4 s
[
e2s2
2u2
− 2
u
+
56
v
]
. (37)
Before going on we need to check that this matches precisely with the type IIA action evaluated on
configurations in (15). In this case we get s˜−2u˜v˜4(56/v˜ − 2/u˜) from the EH term (in string frame)
and u˜v˜4e2/(2u˜2) from the gauge field kinetic term where u˜ = su, v˜ = sv and s˜ = s3/2. There is no
contribution from the kinetic term of the dilaton. Using these it is easy to see that the entropy function
(37) is reproduced.
5.2 R4 corrections in M-theory
R4 corrections in M -theory have been discussed in several places [12, 11]. We will follow the notation
in [11]. In M -theory, there are two sources of R4 terms: (i) (t8t8 − 14ǫ8ǫ8)R4 arising from the one-loop
R4 terms in IIA. (ii) ǫ11C3R
4 arising from the well-known C4 ∧X8 term in M -theory. It is convenient
to split the contributions into 2 invariants:
J0 = t8t8R
4 +
1
4
E8 , I2 = 1
4
E8 + 2ǫ11C3[trR
4 − 1
4
(trR2)2] , (38)
where E8 =
1
3!ǫ11ǫ11R
4. Since in our case we will have C3 = 0, in terms of these invariants, the
11-dimensional action can be written as
S = S0 + S1 , (39)
where
S0 =
1
2κ211
∫
d11x
√
gR , (40)
and
S1 = c
∫
d11x
√
g(J0 − 2I2) . (41)
Here c = 1
(2pi)432213
(2π)2/3(2κ211)
−1/3.
In any higher derivative gravity theory there is a field-redefinition ambiguity (see for example [17]).
This arises from the fact that any non-singular field-redefinition will leave the S-matrix invariant. As
a result, the coefficients of terms in the higher derivative action which can be adjusted through such
field-redefinition are potentially ambiguous. Imposing additional “off-shell” constraints can remove
this ambiguity. Such “off-shell” constraints include imposing absence of propagator correction and
“off-shell” supersymmetry. However, such constraints are hard to find and in general one chooses a
suitable scheme to simplify the higher derivative terms. An example of such a scheme is to remove the
terms proportional to the Ricci tensor by using the lowest order equations of motion. Specifically for
the vacuum solution,
Rµν − 1
2
gµνR = O(κ
4/3
11 ) . (42)
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Thus in the higher derivative R4, terms proportional to the Ricci tensor will be O(κ
8/3
11 ) and hence will
contribute only at a higher order. Using this scheme, it can be shown [11] that
J0 = 3 · 28
(
RhmnkRpmnqR
rsp
h R
q
rsk +
1
2
RhkmnRpqmnR
rsp
h R
q
rsk
)
. (43)
Furthermore [11],
E8(M3 × S8) = E8(S8) + aE2(M3)E6(S8) , (44)
where
E2n(M
d) = ǫdǫdR
n , d ≥ 2n . (45)
The contributing E8 term is explicitly
E8(S
8) = −ǫs1s2···s7s8ǫt1t2···t7t8Rs1s2t1t2 · · ·Rs7s8t7t8 , (46)
where si, ti are coordinates on S
8 and the minus sign originates from the Lorentzian signature of the
metric on M3.
5.3 The entropy function: Results
Evaluating J0, E8 for the metrics in eq.(17) yields the following
J0 = (6
y4(5y2 − 8u)2
u8
+
b1
v4
) , (47)
E8 = −8! · 24
[
1
v4
+
y2 − 4u
4u2v3
]
, (48)
where y = se and b1 = 3 · 28 · 1008.
This yields the reduced entropy function g(u, v, y = se) to be
g(u, v, y) = VolS8uv
4
(
2(
y2
4u2
− 1
u
+
28
v
) + c(J0 − 1
2
E8)
)
. (49)
We have chosen 2κ211 = 1. Note that if E8 was absent then following the general arguments
1 for the
existence of solutions, we would conclude the absence of any positive entropy solution to this order.
This will happen for instance when we compactify on T n with n ≥ 3. Evaluating solutions to the
1Let us examine some general forms of the entropy function for solutions with positive entropy to exist. The Ricci-scalar
works out to be ay2/(4u2) − 1/u + b/v for M3 × SD. Let us assume that the function g(u, v, y) takes the following general
form
g(u, v, y) = C u vn
(
a
y2
4u2
− 1
u
+
b
v
+ f1(u, y) + f2(u, v, y) + f3(v)
)
= C u vnh(u, v, y) . (50)
Here C, a, b are positive constants. We see that for g < 0 to be satisfied, h < 0 at the solution, assuming u, v > 0. Now we see
that for (22) to be satisfied,
nu vn−1h+ u vn (
−b
v2
+ ∂v(f2 + f3)) = 0 . (51)
From here we see that if f2 = 0 and ∂vf3 < 0 then h > 0 and hence a solution cannot exist. We will find that this will be the
case for M -theory on T n for n ≥ 3 at O(R4). Furthermore, it can also be easily shown that if the higher derivative terms led
to a function of u or a function of y only, then there would be no solution with positive entropy either.
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reduced attractor type equations (22) can be achieved numerically on Mathematica. This yields only
one solution with real positive entropy
u0 = 0.0061 (52)
v0 = 0.0559 (53)
y0 = ±0.0779 (54)
(55)
with
K = 0.0685 . (56)
The two signs of y0 correspond to solutions with positive and negative charge q. This shows that the
higher derivative corrections have stretched the horizon to a finite size with 6.85% of the expected
entropy answer in eq.(3). Of course in order to produce the exact result, one might need to incorporate
all the higher derivative corrections. Using the above solution s2 ∼ q, so that for q >> 1, we are in the
strong coupling regime. This justifies the neglect of winding mode corrections which produce the tree
level IIA R4 term.
In addition to the above solution there are other real solutions which provide negative entropy.
These are:
(u0, v0, y0) = (0.1472, 0.6144,±0.1213), (0.0085,−0.0816,±0.0923) , (57)
with K values −1.97 and −0.2067 respectively.
A characteristic feature, similar to the heterotic case where the ratio of the Einstein-Hilbert to the
R2 term was −1, is that in this case EH/R4 = −1/3. We will explain this observation in the next
section.
5.4 u = y2 for real solutions
In the above mentioned results which were obtained numerically on Mathematica, we find a peculiar
feature. In all the real solutions, u = y2. In fact (g + y∂yg)|u=y2 = u∂ug|u=y2 and hence even analytic
solutions probably exist for (u, v, y). The condition u = y2 also implies that the force on a probe
D0-brane vanishes to leading order. In order to see this we write the D0-brane action as∫
dt e−φ
√
g00∂0X0∂0X0 + gmn∂0Xm∂0Xn −
∫
A0 dt , (58)
where we have chosen static gauge. In terms of the M-theory coordinates, g00 = e
2φ/3ur2 so that the
potential from the DBI part is e−2φ/3r
√
u =
√
ur/s whereas
∫
A0 dt =
∫
dt e r.
Thus the condition for no-force is
√
u = es = y. This condition also implies that the covariant
derivative of the Riemann tensor of the 11-dimensional metric vanishes. To see this notice that the
non-zero independent components of the Riemann tensor with indices on M3 are
Rtrtr =
1
4
(3y2 +
y2
u
− 4u), Rtrtx = − sy
3
4ru
, Rtxtx = −s
2y2r2
4u
, Rrxrx =
y2s2
4ur2
(59)
The non-vanishing independent components of ∇mRijkl are:
∇tRtrtx = syr
2
2u
(y2 − u), ∇rRtrtr = y
2
ur
(y2 − u), ∇rRtrtx = sy
2ur2
(u− y2) (60)
So the covariant derivative of the Riemann tensor of M3 vanishes only when u = y
2.
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Finally let us note some properties of our solutions in the 11-dimensional theory. Firstly, they have
1-dimensional null-boundaries. To see this rewrite the metric using z = 1/r in (17) as
ds211 =
1
z2
[
u(−dt2 + dz2) + vz2 dΩ28 + s2z2(dx(10) +
e
z
dt)2
]
(61)
Taking the limit of z → 0 of z2 ds211 we get −(u − e2s2)dt2 as the metric on the conformal boundary
of M3 × S8. Since u = y2 on our solutions we conclude that the 11-dimensional geometries have null
1-dimensional boundaries. Further, one can write R cdab = −(4u)−1(δ ca δ db − δ da δ cb ) for the solutions.
So we conclude thatM3 is locally AdS3 and therefore has a constant negative scalar curvature −3/(2u)
and covariantly constant Riemann tensor. These solutions are not supported by any gauge field fluxes
and they would not have existed in 11-dimensional supergravity without the derivative corrections.
As stated in the previous section, for our solutions, EH/R4 = −1/3. After some manipulations it
can be shown that
(u∂ug +
2
3
v ∂vg)|u=y2 = 0 = 3EH +R4 , (62)
where the first equality uses the equations of motion. The result EH/R4 = −1/3 immediately follows.
5.5 Proof of zero-force condition to all orders in α′
In this section we will provide a proof of the fact that u = y2 will lead to two of the equations of motion
becoming equal to all orders in α′. We will call this the zero-force condition. Let us first write
g = uf , (63)
where
f =
∞∑
n,m=0
cnm(
y
u
)2n(
1
u
)m , (64)
where cnm could be constants or functions of v. Then
u∂ug = 0 ⇒ uf − u
∞∑
n,m=0
cnm
y2n
u2n+m
(2n +m) = 0 (65)
g + y∂yg = 0 ⇒ uf + u
∞∑
n,m=0
cnm
y2n
u2n+m
(2n) = 0 . (66)
Thus the two equations above becoming equal when u = y2 leads to
∞∑
n,m=0
(4n +m)
cnm
un+m
= 0 . (67)
With m+ n = k fixed, this leads to
k∑
n=0
(3n + k)cn,k−n = 0 . (68)
Let us demonstrate that RabR
ab satisfies the above criterion. Here and in what follows we will focus only
on the 3-dimensional part of the space-timeM3×S8. Now RabRab = (3y4−8y2u+8u2)/(4u4). Thus we
identify c02 = 2, c11 = −2, c20 = 3/4. On the other hand the condition (68) leads to 2c02+5c11+8c20 = 0
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which is obviously satisfied with the above cnm. In a straightforward manner R
2 also can be showed
to satisfy the zero-force condition. Further suppose we can write g = uf1f2 such that f1 and f2
individually satisfied the zero-force condition. Then it is easy to see using the chain-rule that g will
also satisfy the zero-force condition. This leads us to conclude that if the entropy function can be
shown to be a function of the 3-dimensional Ricci scalar and the 3-dimensional Ricci tensor, then the
function will satisfy the zero-force condition. This is straightforward once we notice that
Rabcd = −1
2
gacgbdR+ gacRbd + gbdRac − c↔ d . (69)
This means that higher derivative corrections involving the Riemann tensor will be functions of the
Ricci scalar and Ricci tensor only. This completes the proof.
5.6 Nature of extremum
It is an interesting and important question to study the conditions when the entropy function will be
a maximum or a minimum. After some algebra it can be shown that
S′′BH = π
√
q
g′′2
g′3/2
(y + 2
g′
g′′
) , (70)
where ′ denotes differentiation with respect to y. Here we have used the e.o.m to set the term propor-
tional to (yg′ + g) in the derivative to zero. Thus we have y + 2 g
′
g′′ < 0 (y + 2
g′
g′′ > 0) for maximum
(minimum). Using the equations of motion we can rewrite this as gg′′ > 2g′2 (gg′′ < 2g′2). We find
numerically that g′ + 12yg
′′(y0) > 0
2 and hence we conclude that the solution is a minimum. In or-
der to analyse the thermodynamic nature, ref. [15] suggests that one computes the Weinhold metric
Wab = 1/(2
√
SBH)∂a∂bSBH(u, v, y) with the a, b belonging to the space of scalar moduli. The positive
definiteness of the Weinhold metric is required for thermodynamic stability. If we restrict to the space of
scalar fields, our numerical results show that the metric is positive definite. For the negative entropy so-
lutions, the result is interesting as well. For these solutions with (u0, v0, y0) = (0.1472, 0.6144,±0.1213),
and (u0, v0, y0) = (0.0085,−0.0816,±0.0923) we find that the entropy is actually a maximum with re-
spect to y. The implications of these results are not entirely clear to us but probably imply that the
first solution is thermodynamically stable while the other two are unstable. In passing we note that
for Sen’s heterotic fundamental string with momentum and winding, the Weinhold metric in the space
S, T is given by √
8π
(nw)3/4
(
1
2 0
0 w2
)
,
and hence is also positive-definite. However we take note of the fact that negative entropy solutions for
higher derivative gravity have been reported elsewhere [13] (see [14] also) as well although a general
consensus for the implications has not been reached. At the same time we do not see how to fix the
integration constant which has been proposed to be the resolution to the negative entropy ambiguity.
The other possibility is that the negative entropy solutions could be unphysical and cease to be solutions
when all the quantum corrections are included.3
2It is not clear if we should ask for a minimum in the space (u, v) as well in which case the Hessian has to be considered.
3We thank Rob Myers for suggesting this possibility.
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6 Discussion
In this paper, we have considered the potential near horizon geometries of extremal small black-holes
in type IIA made from a large number of D0-branes in 10-dimensions. We demonstrated using Sen’s
entropy function formalism and making use of the 11-dimensional R4 corrections to supergravity that
the horizon becomes finite in higher derivative gravity theory. The corresponding Wald’s entropy is
proportional to the square-root of the electric charge of the RR 1-form of type IIA. As is usually the
case with small black holes there is no guarantee that the solution found at a finite order in a derivative
expansion survives further corrections. However based on the microstate counting in the introduction
we suggest that it should. We will now discuss some important consequences of our analysis and
outstanding issues.
The sub-leading corrections: Let us consider the R4 terms at the tree level in type IIA. Since we
have
α′3
κ210
→ α
′3
R11 κ
2
10
=
1
R311
, (71)
the tree-level R4 term translates into O( 1
l3
11
( l11R11 )
3). Using ( l11R11 )
3 = 1
s3
the correction adds to the 11-
dimensional R4 term as a sub-leading one. Putting things together the action would take the general
form:
f(u, v, e, s) = s
[
g(u, v, y) +
1
s3
g˜(u, v, y)
]
(72)
Now going through the exercise of section 3 we get
SBH = 2π
[
α
√
|q|+ β|q| + · · ·
]
. (73)
So we see that the string tree-level R4 terms in type IIA seen from M-theory can only contribute to
the sub-leading corrections to the entropy (in the large-q limit).
Other M-theory higher derivative terms: Let us analyse the effect of other higher derivative
terms in M-theory. First let us assume that the leading entropy result is
√
q and subsequent terms will
be sub-leading. It is clear from our analysis that the leading term in the entropy function should be
of the form sg(u, v, es) and any factor of s with higher powers will naively lead to higher powers of q.
Suppose that in the IIA action there are terms of the form
√
gRme2nφ. This will lead to s5−m+3n as
the s dependent term multiplying g(u, v, es). This leads to the constraint
n ≤ [m− 4
3
] , (74)
where [x] denotes the integer part of x. This formula tells us that the maximum string loop at O(Rm)
is 1 + n. Suppose m = 4. Then this immediately leads to the well-known result that the maximum
string loop correcting the R4 term is 1 and all higher string loops should vanish. At R7 this leads
to the prediction that only two loops and below will contribute. However this result seems to be
in contradiction to what the authors of [22] have found which suggests that there should also be a
contribution at three loops. What is the resolution to this apparent puzzle?
The
√
q dependence from the counting is only the leading order result in the expansion. The
sub-leading terms take on the form
constant + log q +
1√
q
+ · · · . (75)
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We have found that the tree level IIA R4 term gives rise to 1/q correction to the entropy formula. We
still have to account for the other terms in the above equation. A simple power counting argument
tells us that if there was a term
√
gR5 in the IIA effective action this would lead to the constant term.√
gR6 would lead to 1/
√
q. What about the log q dependence?
We conjecture that all the terms that naively violate the sg(u, v, es) scaling property by introducing
a higher power of s as the prefactor will resum into a sub-leading log q dependence. Although it is not
clear how this is going to happen, it is clear that this is going to be a highly restrictive constraint and
will help in verifying the structure of the M-theory effective action. 4
The issue of supersymmetry: A very important question that remains unanswered is if our AdS2×
S8 solution is supersymmetric or not. This is a hard question to answer since the relevant higher
derivative modifications of the supersymmetric transformation rules are unknown. However we briefly
comment on both the scenarios:
1. If the solution we have found here describes a non-supersymmetric configuration, this would be
an example that Sen’s entropy function formalism gives sensible results for non- supersymmetric
black holes as well. In such a case our result that the Sen’s entropy computation and the statistical
entropy scale the same way with the charge must be because of the generalised attractor mecha-
nism of Sen [5] now applied to the dilaton as well.5 This means that the near horizon geometry
does not depend on the asymptotic value of the dilaton which decided the string coupling.
2. On the other hand the near horizon geometry and the potential interpolating D0-brane small black
hole solution could be in fact supersymmetric. From the type IIA point of view the microstates
should be various ground states of the quantum mechanics of N D0-branes. But there is a
well-known conjecture that there is a unique normalisable bound state [18, 19] of this quantum
mechanics and several non-bound states. All of these preserve 16 supersymmetries. The non-
bound states can be seen as distinct classical solutions only when we higgs the D0-brane quantum
mechanics which corresponds to spatially separating the N D0-branes into different subgroups.
Such higgsing generically breaks the SO(9) invariance of the quantum mechanics. If we try to
restore the SO(9) symmetry all such classical configurations collapse to a single one! Let us list a
few examples where similar microstates do exist as distinct BPS states. In AdS5×S5 background
of type IIB for fixed total U(1) R-charge J there are as many BPS states as the number of
partitions of J . These have been considered in the context of small black holes recently in [8]
(see also [25]). Similarly for a given DLCQ momentum p+ of the maximally supersymmetric
type IIB pp-wave [24, 20] it is easy to see that there is a degeneracy of BPS states given by the
number of its partitions. Finally the matrix model description of the DLCQ compactification of
the M-theory pp-wave also admits as many supersymmetric vacua as the number of partitions of
the light-cone momentum [24].
But we leave the question of the supersymmetric nature of our solution for future work.
The black hole and microstate geometries: It will be important to find the interpolating solution
between the AdS2×S8 solution found here and the 10-dimensional flat space R9,1. Another interesting
question is what are the microstate geometries [26] of the extremal D0-brane charged small black hole
we considered here. It is plausible that the well known M-waves [21] compactified on a circle are related
to these.
4In passing we note, that if the entropy function had the form sng(u, v, es), then the entropy would behave like q
n
n+1 and
for n→∞, the entropy would go like q.
5We thank Ashoke Sen for suggesting this possibility.
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Dual QM description: We have exhibited the existence of a new vacuum solution of M-theory to
the R4 order of the type M3×S8 where M3 is locally AdS3 with a null 1-dimensional boundary. From
the type IIA point of view this geometry is AdS2 × S8 with RR 1-form electric field and a constant
dilaton. It would be interesting to see if there is a holographically dual conformal quantum mechanics
on the boundary. If our solution is supersymmetric then there must be a way to account for the
√
|q|
scaling of the entropy from counting the number of chiral primaries in the dual SCQM along the lines
of [27, 28, 23].
Finally it will be important to understand how to reconcile our results with the conventional wisdom
[26] that one should not associate a charge dependent entropy to single-charge systems like strings with
just winding number or momentum charge alone. We hope to return to some of these questions in the
future.
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